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Abstract
We classify, up to symplectomorphisms, a neighborhood of a singular fiber of an integrable
system (which is proper and has connected fibers) containing k > 1 focus-focus critical points.
Our result shows that there is a one-to-one correspondence between such neighborhoods and
k formal power series, up to a (Z2 ×Dk)-action, where Dk is the k-th dihedral group. The k
formal power series determine the dynamical behavior of the Hamiltonian vector fields Xf1 , Xf2
associated to the components f1, f2 : (M,ω) → R of the integrable system on the symplectic
manifold (M,ω) via the differential equation ω(Xfi , ·) = dfi, near the singular fiber containing
the k focus-focus critical points. This proves a conjecture of San Vu˜ Ngo.c from 2002.
1 Introduction
An integrable system is a triple (M,ω, F ) such that (M,ω) is a 2n-dimensional symplectic manifold,
and F = (f1, . . . , fn) : M → Rn is a smooth (C∞, we always use the term “smooth” in this
sense) map such that f1, . . . , fn Poisson commute and their derivatives are linearly independent
almost everywhere. Two integrable systems (M,ω, F ) and (M ′, ω′, F ′) are isomorphic if there is
a symplectomorphism ϕ : (M,ω)→ (M ′, ω′) and a diffeomorphism G : F (M)→ F (M ′) such that
F ′ ◦ϕ = G ◦F . Since F (M) may not be open, by G being a diffeomorphism we mean that near each
point x in F (M) there exists a local extension of G to a diffeomorphism from an open neighborhood
of x in Rn to an open neighborhood of G(x) in Rn.
The construction of computable invariants – topological, smooth, or symplectic – is fundamental
in the study of integrable systems. Ideally one would like to classify important classes of integrable
systems up to isomorphisms in terms of a collection of such invariants. This was achieved in
the 1980s in the seminal work of Atiyah [4], Guillemin–Sternberg [11], and Delzant [7], who gave
a classification of toric integrable systems on compact manifolds on any dimension. Here toric
means that the flows of the Hamiltonian vector fields of the components f1, . . . , fn of the integrable
system generate a Hamiltonian n-dimensional torus action. In the past ten years, there has been
intense activity trying to extend this classification beyond the toric case. In [14, 15], this goal was
achieved for simple semitoric systems in dimension 4, where semitoric means that f1 generates
an S1-action, f1 is a proper map, the singularities of F are non-degenerate without hyperbolic
blocks, and simple means fibers of F cannot be wedge sums of 2 or more spheres. The Fomenko
school has worked extensively and successfully on a number of classification problems for integrable
systems and singular Lagrangian fibrations, see Bolsinov-Fomenko [6]. The symplectic invariants
of integrable systems can be local (in a neighborhood of a point), semiglobal (in a neighborhood
of a singular fiber of F ), or global. Two integrable systems are isomorphic in the local/semiglobal
sense if their germs at the corresponding point/fiber are isomorphic. Near a regular point or
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fiber, the local or semiglobal structure is unique; according the Darboux–Carathéodory theorem
the local germ at a regular point is isomorphic to (R2n, ω0, (ξ1, . . . , ξn)) near the origin 0, where
(x1, . . . , xn, ξ1, . . . , ξn) are coordinates of R2n and ω0 = dx1 ∧ dξ1 + · · ·+ dxn ∧ dξn is the standard
symplectic form. The Liouville–Arnold–Mineur theorem says that when F is proper, the semiglobal
germ at a connected regular leaf is isomorphic to (T ∗Tn, ω0, (ξ1, . . . , ξn)) near the zero section
of the cotangent bundle, where (x1, . . . , xn, ξ1, . . . , ξn) are the canonical coordinates of T ∗Tn and
ω0 = dx1 ∧ dξ1 + · · ·+ dxn ∧ dξn.
A singular point m ∈ M of F is called non-degenerate if the subalgebra of quadratic forms
generated by the Hessians of fi, 1 6 i 6 n is a Cartan subalgebra of the Lie algebra of homogeneous
quadratic functions on the symplectic reduction of TmM by the Hamiltionan action of fi, 1 6 i 6 n
with the Poisson bracket. According to Williamson [22], the possible local structures of non-
degenerate singularities are Cartesian products of four basic types: regular, elliptic, hyperbolic,
and focus-focus ones (see [16] for an in depth discussion). In this paper our goal is to construct a
complete set of symplectic invariants for a neighborhood of a fiber F of a proper integrable system
F : (M,ω)→ Rn on a symplectic 4-manifold, where F contains any finite number of non-degenerate
singularities of focus-focus type. Here being of focus-focus type for a point m ∈ F means that the
Hessians of f1 and f2 are simultaneously conjugate to
Hf1(m) ∼

0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0
, Hf2(m) ∼

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0
.
Eliasson’s normal form theorem (see Eliasson [10] and Vu˜ Ngo.c–Wacheux [21]) states that the local
germ of F at a focus-focus singularity is isomorphic to (R4, ω0, q) near the origin 0, where ω0 =
dx1∧dξ1 +dx2∧dξ2 is the standard symplectic form and q(x1, ξ1, x2, ξ2) = (x1ξ2−x2ξ1, x1ξ1 +x2ξ2).
In particular, focus-focus singularities are isolated (and hence why above we emphasized that F is
allowed to have any finite number of such singularities).
Throughout this paper, with very few exceptions that we point out explicitly, we assume that F
is a proper map and has connected fibers. The only topological invariant of a compact connected
fiber F containing k non-degenerate singularities of focus-focus type is the number k ∈ N, and then
F is homeomorphic to a torus pinched k times (Zung [25, 26]). As a result of Zung’s theorem, for
any nonzero β ∈ T ∗0R2, its Hamiltonian flow (the flow generated by the vector field −ω−1F ∗β on
F) is either periodic or travels between focus-focus singularities. Pick a β1 whose Hamiltonian flow
is 2pi-periodic and β2 in the latter case, and use (β1, β2) to orient F . Two such pairs have the same
orientation if and only if their transition matrix has positive diagonal entries. If F contains multiple
singular points, we also need to specify a basepoint in M . Two basepointed oriented integrable
systems are called semiglobally isomorphic near F if the isomorphism pulls back orientation to
orientation and sends basepoint to basepoint.
In 2003, Vu˜ Ngo.c proved [20] that the semiglobal germ at a compact connected fiber with one
non-degenerate singularity of focus-focus type is classified (up to a (Z2 × Z2)-action if one does not
specify orientations, as clarified in [19]) by a formal power series s ∈ R2piX , where R is the space of
formal power series in two variables X,Y , without the constant term, and R2piX def= R/(2piX)Z. In
his paper, he also stated a conjecture for what he thought should hold in the case when k > 1, which
already appeared in the arXiv version of the paper in 2002, and in 2003 [20, Section 7]. His conjecture
was that a neighborhood of a compact connected fiber with precisely k ∈ N non-degenerate critical
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points of focus-focus type (Figure 1) is classified up to isomorphisms by k formal power series in R
as their invariants, (k − 1) of which measure the obstruction to construct a semiglobal momentum
map in the Eliasson normal form simultaneously at two different singular points, and the other of
which is the Taylor series of the action integral in a neighborhood of the critical fiber, vanishing at
the origin, desingularized at each singular point. This turns out to be the case, the following being
the abstract form of the main result we will prove in this paper. To formulate the result, let R+ be
the group of formal power series in R with positive Y -coefficients, whose multiplication is given by
(w · v)(X,Y ) = w(X, v(X,Y )). Let Zk = {0, 1, . . . , k − 1}.
Theorem 1.1. The basepointed oriented semiglobal germ at a compact connected fiber F containing
exactly k non-degenerate singularities of focus-focus type mj, j ∈ Zk, is classified up to isomorphisms
by precisely k formal power series: s0 ∈ R2piX , and g0,1, g1,2, . . . , gk−2,k−1 ∈ R+.
If one does not prescribe orientation and basepoint, this result may be formulated as follows,
where Dk stands for the k-th Dihedral group:
Corollary 1.2. The semiglobal germ at a compact connected fiber F containing exactly k non-
degenerate singularities of focus-focus type mj, j ∈ Zk, is classified up to isomorphisms and up to a
(Z2 ×Dk)-action by precisely k formal power series : s0 ∈ R2piX , and g0,1, g1,2, . . . , gk−2,k−1 ∈ R+.
m0
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m5
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Figure 1: A singular fiber of focus-focus type and its neighborhood.
This formulation of the theorem however hides the fact that we give a step by step explicit
construction of the invariants s0 ∈ R2piX and g1,2, . . . , gk−2,k−1 ∈ R+; for the case of k = 1, the only
invariant is s0, and this has been computed (at least some of its terms have been computed) by
several authors for important cases such as the coupled spin-oscillator system [1, 17], the spherical
pendulum [9], and the coupled angular-momenta [2, 12]. Roughly speaking, s0 measures the global
singular behavior of the Hamiltonian vector fields Xf1 and Xf2 , where F = (f1, f2), near the fiber
containing the focus-focus singularity. The travel times of the flows of these vector fields exhibit a
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singular behavior, of logarithmic type, as they approach the singularities. The remaining (k − 1)
Taylor series gj,j+1 account for the difference between the Eliasson normal forms at the singularities
mj and mj+1. The theorem says that the entire collection of these Taylor series is a complete
symplectic invariant of a tubular neighborhood of a compact focus-focus fiber up to isomorphisms,
where an isomorphism preserves the leaves of the foliation induced by F near the singular fiber. See
Theorem 6.4 and Corollary 6.6 for complete versions of the statements above.
The proof of the theorem uses the ideas and the tools, developed by many authors in symplectic
geometry, notably including the aforementioned results by Arnold, Eliasson, and Vu˜ Ngo.c and a
gluing technique in [15]. We have attempted to make the proof as self-contained as possible and
accessible to a general audience of geometers, not necessarily specialists on integrable systems,
as focus-focus singularities appear in many parts of symplectic geometry and topology, algebraic
geometry (where they are called nodal singularities), and mathematical physics. We would like to
point out a related recent work by Bosinov-Izosimov [5] where the authors give a smooth classification
of semiglobal germs at compact focus-focus leaves. The smooth invariants they define are equivalent
classes of the symplectic invariants of the present paper modulo being related by the “liftable”
diffeomorphisms.
Acknowledgments: The authors are supported by NSF CAREER Grant DMS-1518420 and would
like to thank San Vu˜ Ngo.c for many helpful discussions on the topic of the paper. The second
author would also like to thank San Vu˜ Ngo.c for the invitation to visit the Université de Rennes 1
in November and December of 2016.
2 Integrable Systems
2.1 Definition
Let (M,ω) be a 2n-dimensional symplectic manifold. For a smooth map f : M → R we denote by
Xf = −ω−1(df) ∈ X(M) the Hamiltonian vector field of f . For any smooth maps f, g : M → R we
define their Poisson bracket {f, g} = ω(Xf , Xg).
Definition 2.1. Let (M,ω) be a 2n-dimensional symplectic manifold. Let F = (f1, . . . , fn) : M →
Rn be a smooth map such that {fi, fj} = 0 for each i, j with 1 6 i, j 6 n and df1, . . . ,dfn are
linearly independent almost everywhere. In this case we call F a momentum map on M . We say
(M,ω, F ) is an integrable system. Let IS be the collection of all integrable systems.
It is worth noting that the fiber of a momentum map F is Lagrangian near any regular point of F
it goes through. For any regular point x ∈M of F , let b = F (x). Since X1(x), . . . , Xn(x) are linear
independent and dimTxF−1(b) = n, they span TxF−1(b). But then {fi, fj}(x) = ω(Xi, Xj)(x) = 0
implies that TxF−1(b) ⊂ TxM is Lagrangian. Therefore, integrable systems are sometimes considered
as singular Lagrangian fibrations.
2.2 Action by 1-forms
Let1B = F (M) and let U ⊂ B be an open subset. For each β ∈ Ω1(U), its Hamiltonian vector
field Xβ = −ω−1(F ∗β) is a vector field on F−1(U). Throughout this paper we adopt the following
definition for smooth function or forms on subsets B ⊂ Rn: let X be a smooth manifold. A map
f : B → X is smooth if any b ∈ B has an open neighborhood in Rn and a smooth function f˜ : U → X
which coincides with f in B ∩ U .
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Definition 2.2. An integrable system (M,ω, F ) is called flow-complete if for any open subset
U ⊂ B and each β ∈ Ω1(U), the flow of Xβ exists for all time. In this case, let Ψβ ∈ Diff(F−1(U))
be the time-1 map of Xβ, so then Ψ gives the action of Γ(T ∗U) on F−1(U) by diffeomorphisms,
and Ψβ preserves F . Similarly, for any b ∈ B and βb ∈ T ∗b B, we can define Xβb = −ω−1(F ∗βb) a
vector field on F−1(b). Then T ∗b B acts on F−1(b) by the time-1 map Ψβb ∈ Diff(F−1(b)) of Xβb .
Note that (M,ω, F ) is automatically flow-complete if F is proper.
If (M,ω, F ) is not flow-complete, for x ∈M , b = F (x), the map βb 7→ Ψβb is defined on some
open neighborhood of 0 in T ∗b B. Then for β ∈ Ω1(U), the map Ψβ is defined on a subset of F−1(U)
as x 7→ Ψβ(F (x))(x) wherever the latter map is defined.
A subset W ⊂M is saturated under F if F−1(F (W )) = W .
Let (M,ω, F ) be a flow-complete integrable system. For any open subset U ⊂ B = F (M) let
Λ(M,ω,F )(U) =
{
β ∈ Ω1(U) ∣∣ Ψ2piβ = id}. We will use Λ omitting the superscripts if there is no
ambiguity.
Definition 2.3. We call Λ the period sheaf of (M,ω, F ), which is a sheaf of abelian groups over B.
The local sections of Λ are period forms.
Definition 2.4. A flow-complete integrable system (M,ω, F ) is fiber-transitive if T ∗b B acts tran-
sitively on F−1(b) for any b ∈ B. Let B1 ⊂ B. We say (M,ω, F ) is fiber-transitive over B1 if
(F−1(B1), ω|F−1(B1), F |F−1(B1)) is fiber-transitive. In this case, for any open U ⊂ B1, the action of
Ω1(U) on F−1(U) has each fiber of F as an orbit.
Let P,Q,R : B →M be smooth sections of F . Consider the sheaf Ω1/2piΛ of abelian groups on
B. For any open set U ⊂ B, (Ω1/2piΛ)(U) = Ω1(U)/2piΛ(U), and the following
τPQ
∣∣∣U = {β ∈ Ω1(U) ∣∣∣ Ψβ ◦ P |U = Q|U}
is either empty or a coset of 2piΛ(U) in Ω1(U). If for any open set U ⊂ B, τPQ|U is a coset, then
they glue to a global section τPQ ∈ (Ω1/2piΛ)(B). In this case we call τPQ the translation form
from P to Q. The translation forms satisfy the additivity property τPQ + τQR = τPR, whenever
the two forms on the left hand side are nonempty. If (M,ω, F ) is fiber-transitive, τPQ is always
nonempty.
Definition 2.5. Suppose there is a dense subset B1 ⊂ B over which (M,ω, F ) is fiber-transitive.
A section τ ∈ (Ω1/2piΛ)(B1) is smoothable if it has a smooth representative in Ω1(B), namely, there
is τ˜ ∈ Ω1(B) such that τ˜ |U ∈ τ |U + 2piΛ(U) for any open U ⊂ B1.
2.3 Morphisms of integrable systems
Here we specify the morphisms of integrable systems we consider, and then give some criteria of
such morphisms.
Definition 2.6. Let (M,ω, F ), (M ′, ω′, F ′) be integrable systems. Let B = F (M) and B′ = F ′(M ′).
Let G : B → B′ be a diffeomorphism. We call ϕ : (X,ω1, F1)→ (Y, ω2, F2) a morphism lifting G if
ϕ : X → Y is a smooth map such that ϕ∗ω′ = ω and F ′◦ϕ = G◦F . If ϕ is also a symplectomorphism
we call it an isomorphism.
Lemma 2.1. Let (M,ω, F ) be a flow-complete integrable system, and let U ⊂ B be an open subset
and let τ ∈ Ω1(U). Then Ψτ : F−1(U)→ F−1(U) is a symplectomorphism if and only if τ is closed.
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Proof. By Cartan’s formula, LXτω = d(Xτ ⌟ ω) = −d(F ∗τ). So for any t ∈ R we have
d
dtΨ
∗
tτω = Ψ∗tτLXτω = −d(Ψ∗tτF ∗τ) = −d(F ∗τ).
Integrating for t ∈ [0, 1], we obtain Ψ∗τω = ω − d(F ∗τ). Since F ∗ is injective on almost every
cotangent space, d(F ∗τ) = F ∗(dτ) = 0 if and only if dτ = 0.
As a result, 2piΛ(U) ⊂ Z1(U), the space of closed 1-forms on U for any open U ⊂ B, and we
can naturally define d in (Ω1/2piΛ)(B) with kernel (Z1/2piΛ)(B).
Lemma 2.2. Let (M,ω, F ) and (M ′, ω′, F ′) be flow-complete integrable systems. Let B = F (M)
and B′ = F ′(M ′). Let ϕ : M →M ′ and G : B → B′ be diffeomorphisms such that F ′ ◦ ϕ = G ◦ F .
Then ϕ is a symplectomorphism if and only if for any τ ′ ∈ Ω1(B), ϕ ◦ΨG∗τ ′ = Ψτ ′ ◦ϕ, and ϕ sends
a Lagrangian section of F to a Lagrangian section of F ′.
Proof. Fix τ ′ ∈ Ω1(B′), and let τ = G∗τ ′ ∈ Ω1(B). Suppose that for any t ∈ R,
Ψtτ = ϕ−1 ◦Ψtτ ′ ◦ ϕ.
Taking the t-derivative,
Xτ = ϕ−1∗ Xτ ′ ,
ω−1(F ∗τ) = ϕ−1∗ (ω′)−1((F ′)∗τ ′)
= (ϕ∗ω′)−1(ϕ∗(F ′)∗τ ′)
= (ϕ∗ω′)−1(F ∗τ).
(2.1)
Let P : B →M be a smooth Lagrangian section of F , b ∈ B, and x = P (b) ∈M . Note that P (B)
only contains regular points of F . Let Y1, Y2 ∈ TxM . If Y1 is vertical, namely F∗Y1 = 0, we can
define τb ∈ T ∗b B by τb(F∗Z) = ω(Y1, Z) for any Z ∈ TxM . The definition of τb is consistent since
ω(Y1, Z) = 0 whenever Z is vertical, as a result of F−1(b) being Lagrangian near x. Let τ ∈ Ω1(B)
extend τx and then (2.1) implies that
ϕ∗ω′(Y1, Y2) = ω(Y1, Y2). (2.2)
Suppose the image of ϕ−1 ◦ P is Lagrangian in M ′. Then if both of Y1, Y2 are tangent to P (B),
both sides of (2.2) vanish. Hence (2.2) always holds and ϕ∗ω′ = ω.
If ϕ is a symplectomorphism, then ϕ preserves Lagrangian sections and (2.1) holds for any
τ ∈ Ω1(B). By multiplying (2.1) by t and integrating for t ∈ [0, 1], we obtain ΨG∗τ = ϕ−1◦Ψτ ◦ϕ.
Lemma 2.3. Let (M,ω, F ) and (M ′, ω′, F ′) be fiber-transitive integrable systems. Let B = F (M),
B′ = F ′(M ′). Suppose ϕP is a diffeomorphism from a Lagrangian section P of F to a La-
grangian section P ′ of F ′. Let G : B → B′ be the diffeomorphism such that F ′ ◦ ϕP = G ◦ F . If
(G−1)∗Λ(M,ω,F ) ⊂ Λ(M ′,ω′,F ′), then ϕP has a unique extension as a surjective local diffeomorphism
ϕ : M →M ′ such that ϕ∗ω′ = ω and F ′ ◦ ϕ = G ◦ F . When (G−1)∗Λ(M,ω,F ) = Λ(M ′,ω′,F ′), the map
ϕ : M →M ′ is a symplectomorphism.
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Proof. Fix an x ∈ M and let b = F (x) and b′ = G(b). Let Q : B → M be a smooth section of
F through x. Since (M,ω, F ) is fiber-transitive, we have a translation form τPQ ∈ (Ω1/2piΛ)(B).
Let (τ ′)PQ = (G−1)∗τPQ. Since (G−1)∗Λ(M,ω,F ) ⊂ Λ(M ′,ω′,F ′), we have (τ ′)PQ ∈ (Ω1/2piΛ)(B′) and
since (M ′, ω′, F ′) is also fiber-transitive, Ψ(τ ′)PQ : M ′ →M ′ is a well-defined diffeomorphism. Let
ϕQ = Ψ(τ ′)PQ ◦ ϕP ◦ P ◦ F |Q(B) : Q(B)→M ′.
Let R be another smooth section of F and let y = R(b). Then ϕQ(x) = ϕR(y) is equivalent to
(τ ′)PQ = (τ ′)PR ∈ (Ω1/2piΛ)(B′). If x = y, then τPQ = τPR ∈ (Ω1/2piΛ)(B), so ϕQ(x) = ϕR(y),
which we define to be ϕ(x). Then ϕ : M → M ′ satisfies F ′ ◦ ϕ = G ◦ F . By its defining formula,
ϕ is a local diffeomorphism. The surjectivity of ϕ is due to the fiber-transitivity of (M ′, ω′, F ′).
Applying Lemma 2.2 locally, ϕ∗ω′ = ω (the flow-completeness condition of Lemma 2.2 is not used
here).
When (G−1)∗Λ(M,ω,F ) = Λ(M ′,ω′,F ′), (τ ′)PQ = (τ ′)PR ∈ (Ω1/2piΛ)(B′) would imply τPQ =
τPR ∈ (Ω1/2piΛ)(B), then x = y. In this case, ϕ is injective.
3 Semiglobal symplectic structure on regular fibers
The goal of this section is to give a self-contained proof à la Duistermaat [8] of the existence of
action-angle coordinates. Throughout this paper, we use S1 = R/2piZ and Tn = (S1)n for n ∈ N.
Let (M,ω, F ) ∈ IS. Suppose F is proper and has connected fibers. Let Br be the set of regular
values of F in B.
Lemma 3.1. If U ⊂ Br is a simply connected open set, then there are α1, . . . , αn ∈ Z1(U) such that
Λ(U) = ⊕ni=1αiZ. Moreover, for any b ∈ U , 2piα1(b), . . . , 2piαn(b) form a Z-basis of the isotropic
subgroup of T ∗b B under the action of Ψ.
Proof. Let b ∈ Br. Consider the action of T ∗b B on F−1(b) by Ψ. Since F−1(b) consists of regular
points, the action is locally free. Thus the orbits are open and closed, and F−1(b) is assumed
connected, so the action is transitive. Since F−1(b) is compact, the isotropic subgroup of this action
has to be an n-lattice, in which case F−1(b) is diffeomorphic to an n-torus.
The map
λ : T ∗U → F−1(U)
βb ∈ T ∗b U 7→ Ψ2piβbP (b).
is smooth by the smooth dependence of ordinary differential equations on parameters, and we have
F ◦ λ = pi, where pi : T ∗U → U is the projection. Then LU = λ−1(P (U)) is a closed submanifold
of T ∗U . Any βb ∈ LU has an open neighborhood on which λ is diffeomorphic to its image.
Let α1,b, . . . , αn,b be a Z-basis of LU ∩ T ∗b U , the isotropic subgroup divided by 2pi, we obtain an
open neighborhood Ub of b and α1, . . . , αn ∈ Z1(Ub) such that αi(b) = αi,b and the images of αi,
i = 1, . . . , n, as sections, coincide with LU near αi,b. The closedness of LU ensures that LU ∩ T ∗b Ub
is exactly the union of the images of αi, i = 1, . . . , n. Hence λ|LU : LU → P (U) is a smooth covering
map. If U ⊂ Br be a simply connected open set, λ|LU is a trivial covering and we arrive at the
conclusions in the statement.
Theorem 3.2 (Action-angle coordinates [3, 13]). Let U ⊂ Br be a simply connected open subset.
Let (α1, . . . , αn) be a Z-basis of Λ(U). There are coordinate systems (A1, . . . , An) : U → Rn,
(θ1, . . . , θn, a1, . . . , an) : F−1(U)→ Tn × Rn such that
7
• dAi = αi;
• ai = F ∗Ai;
• ω = ∑ni=1 dθi ∧ dai.
We call Ai the action integrals, ai the action coordinates and θi the angle coordinates.
Proof. Since αi is closed and U is simply connected, we can define smooth functions Ai : U → R,
uniquely up to a constant, such that dAi = αi. Let ai = F ∗Ai.
Since {ai, aj} ∈∑ni,j=1R{fi, fj} = {0} for any i, j, we have [Xαi , Xαj ] = X{ai,aj} = 0. Choose a
Lagrangian section P : U → F−1(U). From the choice of αi we know that the flow of Xαi generates
a fiberwise Tn-action. By translating along the flow of Xαi we can define θi : F−1(U) → S1 such
that θi ◦P = 0 on U and ∂∂θi = Xαi on P (U), then we have ∂∂ai = P∗ ∂∂Ai on F−1(U). By Lemma 3.1,
θi is a diffeomorphism. Thus ( ∂∂a1 , . . . ,
∂
∂an
, ∂∂θ1 , . . . ,
∂
∂θn
) is a C∞(F−1(U))-basis of X(F−1(U)), and
(da1, . . . ,dan, dθ1, . . . ,dθn) forms the dual basis of Ω1(F−1(U)).
Since ∂∂θi ⌟ ω = dai and level sets of θ are Lagrangian, by Lemma 2.1 we have
ω =
n∑
i=1
dθi ∧ dai,
that is, the chart (θ, a) is symplectic.
4 Local symplectic structure near focus-focus singularities
4.1 Local normal form
Definition 4.1. Let (x1, ξ1, x2, ξ2) be the coordinates of R4. Let ω0 = dx1 ∧ dξ1 + dx2 ∧ dξ2 be
the standard symplectic form on R4. Let q = (q1, q2) : R4 → R2 be
q1 = x1ξ2 − x2ξ1, q2 = x1ξ1 + x2ξ2.
We call it the local normal form of focus-focus singularities.
Now we compute the action Ψ associated with (R4, ω0, q). Let z = x1 + ix2, ζ = ξ2 + iξ1, then
q1 + iq2 = zζ, and
Xq1 = −ω−10 dq1 = x2∂x1 − x1∂x2 + ξ2∂ξ1 − ξ1∂ξ2 ,
Xq2 = −ω−10 dq2 = −x1∂x1 − x2∂x2 + ξ1∂ξ1 + ξ2∂ξ2 .
Let c = (c1, c2) be the coordinates of R2, and let (t1, t2) ∈ R2. Then the action of Ω1(R2) is
Ψt1 dc1+t2 dc2(z, ζ) =
(
e−t2−it1z, et2+it1ζ
)
. (4.1)
Then (R4, ω0, q) is a flow-complete integrable system whose period sheaf Λ(R
4,ω0,q) is, for any open
set U ⊂ R2, Λ(R4,ω0,q)(U) = (dc1)Z. We will use the identifications
R4 → C2, R2 → C,
(x1, ξ1, x2, ξ2) 7→ (z, ζ), (c1, c2) 7→ c1 + ic2
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throughout this paper.
Let R2r ' Cr = {c ∈ C | c 6= 0}. Let P,Q : R2 → R4 be the two Lagrangian sections of q defined
by P (c) = (1, c), Q(c) = (c, 1). Then let κ ∈ (Z1/2piΛ)(R2r ) denote the translation form
κ = τPQ = −= ln cdc1 −< ln cdc2. (4.2)
Define subsets of R4 ' C2 as follows:
R4u = C2u =
{
(z, ζ) ∈ C2
∣∣∣ z = 0}, R4s = C2s = {(z, ζ) ∈ C2 ∣∣∣ ζ = 0},
R4nu = C2nu =
{
(z, ζ) ∈ C2
∣∣∣ z 6= 0}, R4ns = C2ns = {(z, ζ) ∈ C2 ∣∣∣ ζ 6= 0},
R4r = C2r =
{
(z, ζ) ∈ C2
∣∣∣ q(z, ζ) 6= 0}, F0 = {(z, ζ) ∈ C2 ∣∣∣ q(z, ζ) = 0}.
Here R4u and R4s are respectively, the unstable and the stable manifolds of 0 under the flow
of Xdc2 . For any (t1, t2) ∈ R2 with t2 > 0, the origin is the only α-limit point for the flow lines
of Xt1 dc1+t2 dc2 in R4u, and the ω-limit point for the flow lines in R4s . Let pr1,pr2 : R2 → R be
respectively the projection onto the first and the second component.
4.2 Eliasson local chart
In this paper since we focus on the local and semiglobal structure of integrable systems, it is
convenient to use the notion of germs. Later on, we use the same notations for germs and their
representatives interchangably. Any operation on a germ can be seen as applied on any of its
representatives such that the result is independent of the choice.
Definition 4.2. Let X, Y be topological spaces.
• If X1 is a subset of a smooth manifold X, let Ω1(X1, x) denote the space of germs of 1-forms
on X restricted to X1, at x. Let Z1(X1, x) denote the space of germs in Ω1(X1, x) which are
closed.
• For any subset X1 ⊂ X let f : (X1, x) → Y denote a germ of functions X1 → Y at x ∈ X.
Although X is not included in the notation it will be clear from the context.
• Let f : (X,x)→ (Y, y) denote a germ of functions at x ∈ X, sending x to y ∈ Y . Then f is a
germ of symplectomorphisms if its representatives f˜ are diffeomorphisms.
• If (X,ω1, F1), (Y, ω2, F2) are integrable systems, let ϕ : (X,ω1, x)→ (Y, ω2, y) denote a germ
of isomorphisms at x ∈ X, if its representatives are isomorphisms between neighborhoods of x
in X and y in Y . Then the two systems are called locally isomorphic near x and y.
• If (X,ω1, F1), (Y, ω2, F2) are integrable systems, F1 ⊂ X is a fiber of F1, and F2 ⊂ Y is a fiber
of F2, let ϕ : (X,ω1,F1)→ (Y, ω2,F2) denote a germ of morphisms at F1, if its representatives
are morphisms between saturated neighborhoods of F1 in X and F2 in Y . If ϕ is a germ of
isomorphisms the two systems are called semiglobally isomorphic near F1 and F2.
Definition 4.3. A singularity m ∈ M of F is of focus-focus type if (M,ω, F ) near m is locally
isomorphic to (R4, ω0, q′) near the origin, for some smooth map q′ : R4 → R2 such that (q′ − q)(x) ∈
O(|x|3), where q is given in Definition 4.1.
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Theorem 4.1 (Eliasson’s theorem [10]). Near any singularity m ∈M of focus-focus type, (M,ω, F )
is locally isomorphic to (R4, ω0, q) near the origin, where q is given in Definition 4.1.
That is, there is a germ of isomorphisms ϕ lifting a germ of diffeomorphisms G, such that the
following diagram commutes:
(M,ω,m) ϕ //
F

(R4, ω0, 0)
q

(B, 0) G // (R2, 0)
.
The pair (ϕ,G) is called an Eliasson local chart at 0.
In addition to the theory of integrable Hamiltonian systems, there are other contexts within
Hamiltonian systems and symplectic/complex geometry were linearization techniques are important,
see for instance the recent works by Xue-Li [23] on periodic Hamiltonian systems and by Raissy [18]
on linearization of commuting germs, and the references therein.
4.3 Flat functions
Definition 4.4. Let B be a subset of R2 and b ∈ B an interior point. Let R[[T ∗b B]] be the space of
formal power series generated by the elements of a basis of T ∗b B, or equivalently, R[[T ∗b B]] is the
direct sum of symmetric tensor products of T ∗b B. Let f : (B, b) → R and E : (B, b) → R2 be two
germs of smooth functions. The Taylor series Taylorb[f ] of f at b may be viewed as an element in
R[[T ∗b B]], and Taylorb[E] ∈ R[[T ∗b B]]2. We call f a flat function at b if Taylorb[f ] = 0. Denote by
O(c∞) the space of flat functions f . Note that, by the Faà di Bruno’s formula, the Taylor series of
the composition of smooth maps is the composition of their Taylor series.
We will use the multi-index notations in Lemmas 4.2 and 4.3. A multi-index j is a pair (j1, j2)
where j1, j2 ∈ Z>0. We use |j| = j1 + j2. If c = (c1, c2) ∈ R2 then cj = cj11 cj22 . If f : (R2, 0)→ R is a
germ of functions at 0 then ∂jf = ∂|j|f
∂c
j1
1 ∂c
j2
2
.
Lemma 4.2. For m ∈ Z>0, let gj : (R2, 0)→ R be germs of smooth functions for multi-index j with
|j| = m. Let g(c) = ∑|j|=m gj(c)cj. Then for m > 1 the germ g ln|·| can be extended to a germ of
Cm−1-functions f : (R2, 0)→ R, while for m > 0, f is of class Cm if and only if gj(0) = 0 for any j.
Proof. For m ∈ Z>0, let Qm be the R-vector space spanned by germs of the form c 7→ h(c) cj|c|j0 ,
defined in a punctured neighborhood of 0, where h : (R2, 0)→ R is a germ of smooth functions, j
is a multi-index, j0 ∈ N, and |j| > j0 + m. In particular, germs in Qm can be extended to Cm−1
functions in a neighborhood of 0 for m > 1 and are locally bounded for m = 0. Note that
∂
∂c1
(
cj ln|c|
)
= j1cj1−11 c
j2
2 ln|c|+
cj1+11 c
j2
2
|c|2 ,
∂
∂c1
(
cj
|c|j0
)
= j1
cj1−11 c
j2
2
|c|j0 − j0
cj1+11 c
j2
2
|c|j0+2 .
For |k| 6 m we have
∂k(g(c) ln|c|) ∈
∑
|j|=m
∑
`6j
`6k
(
k
`
)(
∂k−`gj
)
(c) j!(j − `)!c
j−` ln|c|+Qm−|k|.
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If |k| < m, we have ∂k(g ln|·|) ∈ C0 +Q1 ⊂ C0, hence g ln|·| ∈ Cm−1. If |k| = m, we have
∂k(g(c) ln|c|) ∈ k! gk(c) ln|c|+ C0 +Q0.
So g(c) ∈ Cm implies for every multi-index k with |k| = m, gk ln|·| is bounded, hence gk(0) = 0.
Lemma 4.3. Let f : (R2, 0)→ R be a germ of smooth functions, then f ln|·| can be extended to a
germ of smooth functions (R2, 0)→ R only when f is flat. If f is flat, the extension of f ln|·| is flat.
Proof. Using Taylor expansion of f , for any m ∈ N, there exist germs of smooth functions
gj : (R2, 0)→ R for any multi-index j with |j| = m+ 1 such that
f(c) =
m∑
|j|=0
1
j!∂
jf(0)cj +
∑
|j|=m+1
1
j!gj(c)c
j . (4.3)
By Lemma 4.2 and (4.3), f ln|·| ∈ Cm if and only if ∂jf(0) = 0 for any multi-index j with |j| 6 m.
Therefore, f ln|·| ∈ C∞ if and only if f ∈ O(c∞).
Note that ln|c| ∈ O(c−1). If f ∈ O(c∞), then for any m ∈ N, there exist germs of smooth
functions gj : (R2, 0)→ R for any multi-index j with |j| = m+ 1 such that
f(c) ln|c| =
∑
|j|=m+1
1
j!gj(c)c
j ln|c| ∈ O(cm) ∩ C∞.
Hence f ln|·| ∈ O(c∞).
Lemma 4.4. Let g ∈ O(c∞) and suppose a smooth h : (Cr, 0)→ R satisfies
∀multi-index j ∃mj ∈ Z such that lim
c→0|c|
mj
∣∣∣∂jh(c)∣∣∣ = 0. (4.4)
Then f = gh : (Cr, 0)→ R has an extension f˜ ∈ O(c∞) : (C, 0)→ R.
Proof. We calculate the partial derivatives of f for a multi-index j and m ∈ Z:
|c|m
∣∣∣∂jf(c)∣∣∣ 6 ∑
06`6j
(
j
`
)
|c|m−m`
∣∣∣∂j−`g(c)∣∣∣ · |c|m`∣∣∣∂`h(c)∣∣∣→ 0 (4.5)
as c → 0. Here we use the fact that ∂j−`g is a flat function so it is dominated by any power of
|c|. Now let f˜ be the extension of f by f˜(0) = 0. Then, ∂f˜∂c1 (0) = limδ→0
f(δ)
δ = 0 and similarly
∂f˜
∂c2
(0) = 0, so f˜ ∈ C1 by (4.5). Inductively, we can show that f˜ ∈ C∞ and any higher order
derivative of f˜ vanishes at 0.
Lemma 4.5. Let G : (R2, 0)→ (R2, 0) be a germ of diffeomorphisms such that G(c1, c2) = (c1, c2 +
O(c∞)). Then G∗κ = κ+O(c∞) dc1 +O(c∞) dc2 ∈ (Ω1/2piΛ)(R2r ).
Proof. For c 6= 0,
G∗κ(c)− κ(c) = − ln|G(c)| ∂G2
∂c1
(c) dc1 − arg G(c)
c
dc1
− ln
∣∣∣∣G(c)c
∣∣∣∣ ∂G2∂c2 (c) dc2 − ln|c|
(
∂G2
∂c2
(c)− 1
)
dc2.
(4.6)
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We know the fact that for any germ of smooth functions f : (R2, 0) → R2 ' C, if f ∈ O(c∞),
then both components of ln(1 + f) are flat, by explicitly calculating the partial derivatives of
ln(1 + f). Thus − ln
∣∣∣Gc ∣∣∣, arg Gc ∈ O(c∞). Since ∂G2∂c2 − 1, ∂G2∂c1 ∈ O(c∞), by Lemma 4.3, we have
ln|·|(∂G2∂c2 − 1), ln|G| ∂G2∂c1 ∈ O(c∞). Hence the form in (4.6) is in O(c∞) dc1 +O(c∞) dc2.
4.4 Isomorphisms of the local normal form
Let ϕX , ϕY : (R4, ω0)→ (R4, ω0), GX , GY : R2 → R2 be
ϕX(z, ζ) = (iz, iζ), GX(c) = −c,
ϕY (z, ζ) = (iζ,−iz), GY (c) = c.
Then ϕX , ϕY are symplectomorphisms such that q ◦ ϕX = GX ◦ q, q ◦ ϕY = GY ◦ q. So ϕX , ϕY are
automorphisms of the standard local model (R4, ω0, q).
Lemma 4.6. Let (M,ω, F ) be a flow-complete integrable system and B = F (M). Let τ ∈
(Ω1/2piΛ)(Br). Then Ψτ : M →M is a symplectomorphism if and only if τ is closed.
Proof. For any open subset U and any 1-form α ∈ τ(U), by Lemma 2.1 Ψα is a symplectomorphism
of F−1(U) if and only if α is closed. However, any two such 1-forms on U1 and U2 differ by an element
in 2piΛ(U1 ∩ U2) on their common domain U1 ∩ U2, so they give the same map on F−1(U1 ∩ U2).
Hence we get a well-defined map Ψτ : M → M which is a symplectomorphism if and only if τ is
closed.
Lemma 4.7. The map Ψκ defined in Lemma 4.6 (and κ is defined in (4.2)) can be extended to a
symplectomorphism Ψ˜κ : (R4nu, ω0)→ (R4ns, ω0).
Proof. Since the map
Ψ˜κ : R4nu → R4ns,
(z, ζ) 7→ (z2ζ, z−1),
coincides with Ψκ on R4r , Ψ˜κ is an extension of Ψκ as a diffeomorphism. Since dκ = 0 in R2r , by
Lemma 4.6, Ψκ is symplectomorphism of (R4r , ω0). By continuity, Ψ˜κ is a symplectomorphism.
Alternatively, one can verify Ψ˜∗κω0 = ω0 by explicit computations.
Lemma 4.8. Let G : (R2, 0) → (R2, 0) be a germ of diffeomorphisms such that G(c1, c2) =
(c1, g(c1, c2)) for some germ of smooth functions g : (R2, 0) → R with ∂g∂c2 > 0. Then G∗κ ∈
(Ω1/2piΛ)(Br). The symplectomorphism ΨG∗κ of intersections of neighborhoods of F0 with R4r , can
be extended to a germ of isomorphisms (R4nu, ω0,R4s ) → (R4ns, ω0,R4u) if and only if G(c1, c2) =
(c1, c2 +O(c∞)).
Proof. By Lemma 2.3, the germ ΨG∗κ : (R4r , 0)→ R4r can be extended to a germ at F0. Recall that
G∗κ(c) = − ln|G(c)|∂G2
∂c1
(c) dc1 − argG(c) dc1 − ln|G(c)|∂G2
∂c2
(c) dc2.
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Let (z, ζ) = P (c) = (1, c), so c = q(z, ζ). Let U be a neighborhood of 0 in C. Let h1 : U ∩ Cr → C
and h2 : (C, 0)→ C be
h1(c) =
G(c)
c
, h2(c) =
∂G2
∂c2
(c)− 1 + i∂G2
∂c1
(c).
Then we have, for c ∈ U ∩ Cr,
ΨG∗κ ◦ P (c) =
(
|G(c)|h2(c)G(c), |G(c)|−h2(c)h1(c)−1
)
.
Suppose ΨG∗κ can be extended to Ψ˜G∗κ : (R4nu, ω0,R4s )→ (R4ns, ω0,R4u). By continuity, we have
limc→0|G(c)|−h2(c)h1(c)−1 = pr2 ◦Ψ˜G∗κ(1, 0) 6= 0. For any fixed c ∈ Cr, t 7→ h1(tc) is smooth at
0 and limt→0 h1(tc) 6= 0. The map t 7→ |t|−h2◦G
−1(tc) is smooth and has nonzero limit at 0. So
t 7→ h2◦G−1(tc) ln|tc| = h2◦G−1(tc) ln|t|+C∞ is smooth at 0. Hence by an analogous 1-dimensional
version of Lemma 4.3, t 7→ h2 ◦G−1(tc) is flat at 0. By arbitrarity of c, we have h2 ◦G−1 ∈ O(c∞),
so h2 ∈ O(c∞). Therefore G(c1, c2) = (c1, c2 +O(c∞)).
On the other hand, if it is known that G(c1, c2) = (c1, c2 +O(c∞)), then h1 can be extended to
0 such that h1(0) 6= 0 and h2 ∈ O(c∞). Moreover, by Lemma 4.3 h2 ln|G| ∈ O(c∞), so |G|h2 can
be extended to a germ of smooth functions with value 1 at 0. Then ΨG∗κ can be extended to a
germ of diffeomorphisms Ψ˜G∗κ : R4nu → R4ns at R4s sending R4s to R4u. The map Ψ˜G∗κ is a germ of
isomorphisms since it is a symplectomorphism on the part of its domain within R4r .
Lemma 4.9. Let G : (R2, 0) → (R2, 0) be a germ of diffeomorphisms such that G(c1, c2) =
(c1, g(c1, c2)) for some germ of smooth functions g : (R2, 0) → R with ∂g∂c2 > 0. Then there is
a unique germ of isomorphisms
ϕG : (R4nu, ω0,F0 ∩ R4s )→ (R4nu, ω0,F0 ∩ R4s )
characterized by ϕG(1, c) = (1, G(c)) for c in a neighborhood of 0 ∈ R2.
If G(c1, c2) = (c1, c2 +O(c∞)), then ϕG can be uniquely extended to a germ of isomorphisms
ϕ˜G : (R4, ω0,F0)→ (R4, ω0,F0).
Proof. The first part is a result of Lemma 2.3, as c 7→ (1, c) and c 7→ (1, G(c)) are Lagrangian
sections of q, and G∗ dc1 = dc1.
For the second part, consider the germ ϕ′G : (R4ns, ω0,F0 ∩ R4u) → (R4ns, ω0,F0 ∩ R4u) sending
Ψ˜G∗κ(1, c) to Ψκ(1, G(c)) for c ∈ R2r in a neighborhood of 0 ∈ R2. By Lemma 4.8, ΨG∗κ(1, c) ∈ R4ns
approaches F0 ∩ R4u as c→ 0. Since ϕG and ϕ′G coincide in their common domain the intersection
of a neighborhood of F0 with R4r , they glue to a germ of isomorphisms ϕ˜G of (R4, ω0,F0).
Lemma 4.10 ([20, Lemma 4.1, Lemma 5.1]). Let G be a germ of diffeomorphisms of (R2, 0).
Then there is a germ of isomorphisms ϕ of (R4, ω, 0) such that q ◦ ϕ = G ◦ q if and only if
G(c1, c2) = (e1c1, e2c2 +O(c∞)), with ei = ±1, i = 1, 2.
Proof. If such ϕ exists, by Lemma 2.3, we can extend ϕ to ϕ˜ a germ of isomorphisms of (R4, ω0,F0).
Then we know that, for some saturated neighborhood W of F0 ⊂ R4,
ϕ˜−1 ◦Ψκ ◦ ϕ˜|Wr : Wr →Wr
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is a symplectomorphism, where Wr = W ∩ R4r . However, in Wr we have ΨG∗κ = ϕ˜−1 ◦Ψκ ◦ ϕ˜. By
uniqueness of the map, we require G∗(Λ(U)) ⊂ Λ(U) for any open U ⊂ q(Wr). That is to say,
G(c1, c2) = (e1c1, g(c1, c2)), where e1 = ±1, for some germ of smooth functions g : (R2, 0) → R.
Since ϕ preserves the singular fiber F0, and the punctured fiber F0 \ {0} has two components
R4u \ {0} and R4s \ {0}, either ϕ preserves the two components or exchanges them. In the first case,
ϕ˜(R4s ) = R4s ; in the latter case, ϕ˜(R4s ) = R4u. In any of the four cases above (e1 = ±1, ϕ˜(R4s ) = R4s
or R4u)), there is exactly one choice of (ϕ0, G0) from the set
{(id, id), (ϕX , GX), (ϕY , GY ), (ϕY ◦ ϕX , GY ◦GX)} (4.7)
such that ϕ0 ◦ ϕ˜ : (R4nu, ω0,R4s )→ (R4nu, ω0,R4s ), and ∂(pr2 ◦G0◦G)∂c2 > 0. Now we have q ◦ (ϕ0 ◦ ϕ˜) =
(G0 ◦G) ◦ q and that
(ϕ0 ◦ ϕ˜)−1 ◦Ψκ ◦ (ϕ0 ◦ ϕ˜) = Ψ(G0◦G)∗κ : (R4nu, ω0,R4s )→ (R4ns, ω0,R4u)
is a germ of isomorphisms. By Lemma 4.8, we have G0 ◦G(c1, c2) = (c1, c2 +O(c∞)). Therefore,
G(c1, c2) = (e1c1, e2c2 +O(c∞)), with ei = ±1, i = 1, 2.
Conversely, if G(c1, c2) = (e1c1, e2c2 + O(c∞)) we assume, without loss of generality, that
e1 = e2 = 1. Otherwise, we can apply a pair of maps in (4.7). Let ϕ = ϕ˜G be the germ of
isomorphisms of (R4, ω0,F) defined as in Lemma 4.9. Then we have q ◦ ϕ = G ◦ q.
5 Semiglobal topological structure near the focus-focus fiber
Let ISff be the collection of 4-dimensional integrable systems (M,ω, F ) ∈ IS such that F is proper
and has connected fibers2 one of which is a singular fiber F over an interior point of B = F (M).
We further assume that on the singular fiber F , F has focus-focus singularities, and there are no
other singularities in a saturated neighborhood of F . These assumptions are not too restrictive
since, by the local normal form, focus-focus singularities are isolated. For convenience, we always
assume F to be F−1(0). Let (M,ω, F ) ∈ ISff. In this section, we give a detailed proof of the
topological structure theorem of a focus-focus singular fiber F and its neighborhood. For this
reason, we often restrict M to a saturated neighborhood of F for simplicity. Let Crit(F) denote the
set of singularities of F in F . Since F is proper, the cardinality k of Crit(F) is finite, called the
multiplicity of F .
For k ∈ N, let ISkff be the collection of (M,ω, F ) ∈ ISff where F has multiplicity k. Throughout
this paper, we denote by Zk, k ∈ N, the quotient group Z/kZ of residue classes modulo k with the
induced operation from the addition on Z.
Theorem 5.1 (Zung [24, Theorem 5.1]). Let (M,ω, F ) ∈ ISkff and B = F (M). Then the singular
fiber F is homeomorphic to the k-fold wedge sum of S2’s. The kernel of the T ∗0B-action on F by Ψ
is an infinite cyclic group.
Proof. Let (mj)j∈Zk be Crit(F). The regular points may form R2, R × S1, or T2 orbits with
R2-actions by translation, while any critical point of focus-focus type itself is an orbit. Let (ψj , Ej),
j ∈ Zk, be Eliasson local charts near mj such that ψj can be defined in a neighborhood Vj of
mj in M , such that the flow of 2piXE∗j dc1 is an S
1-action on F ∩ Vj . Note that for any j ∈ Zk,
2In this case, by the local models, F is an open map. So, that F has connected fibers implies the preimage of any
connected set under F is connected.
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F ∩ Vj \ {mj} has two connected components. Since F is proper, the neighborhood F ∩ Vj of mj
in Vj for every j ∈ Zk overlaps two ends of cylinders of regular points; on the other hand, each
cylinder in F has two ends to be compactified by singular points. Thus F is topologically the k-fold
wedge sum of S2’s.
Since there is only one S1-action by a subgroup of T ∗0B on each cylinder of regular points in F
which should coincide with the S1-action on Vj , j ∈ Zk, there should be exactly one S1-action by a
subgroup of T ∗0B, so the kernel of the T ∗0B-action is isomorphic to Z.
We want to show that, integrable systems in ISff are semitoric near the singular fiber.
Lemma 5.2. Let (M,ω, F ) ∈ ISkff and B = F (M). Then the section space Λ(B) of the sheaf Λ
is an infinite cyclic group in Z1(B), so it can be viewed as a constant sheaf associated to Z over
B. The quotient sheaf restricted to Br, (Λ/Λ(B))|Br, is also a constant sheaf associated to Z over
B, namely, there is an assignment to any simply connected open set U ⊂ Br a generator αU of the
infinite cyclic group Λ(U)/Λ(B)|U , such that, for any such open sets U1 and U2, the restrictions of
αU1 and αU2 to U1 ∩ U2 coincide.
Proof. Let {mj}j∈Zk be Crit(F). Let β ∈ T ∗0B such that the flow of Xβ is 2pi-periodic. By shrinking
M to some saturated open neighborhood of F , we assume that B is open and (ψj , Ej), j ∈ Zk, are
Eliasson local charts near mj such that Ej can be defined in B and E∗j dc1(0) = β. For j ∈ Zk,
let βj = E∗j dc1 ∈ Ω1(B), so then βj ∈ Λ(B). Note that by Lemma 4.10 βj is independent of the
choice of the Eliasson local chart up to the sign. Fix c ∈ Br. For j ∈ Zk, let Vj be a neighborhood
of mj in M such that they do not intersect one another. By a suitable choice of c and Vj , there is
xj ∈Mr and such that γj : S1 → F−1(c), t 7→ Ψtβj (x) is an embedded circle in Vj . Since the images
of γj , j ∈ Zk do not intersect one another, they represent the same homology class in H1(F−1(c))
up to the sign. So βj(c), j ∈ Zk, are equal up to the sign. By the arbitrarity of c and the fact that
βj(0) = β for j ∈ Zk we conclude that βj , j ∈ Zk, are the same. Hence the section space Λ(B) is an
infinite cyclic group βZ.
For any simply connected open set U ⊂ Br, the quotient group Λ(U)/Λ(B)|U ' Z2/Z ' Z. By
Theorem 3.2 we know that all nonzero elements in Λ(U)/Λ(B)|U are of the form fE∗0 dc2 + Λ(B)|U
for some smooth function f : U → R which never vanishes. So let αU be the only generator of
Λ(U)/Λ(B)|U for which f is positive. Hence (Λ/Λ(B))|Br , is also a constant sheaf associated to Z
over Br.
There are some further results for the smooth structure of the neighborhoods of singular fibers
in [5].
6 Semiglobal symplectic structure near the focus-focus fiber: Invariants
6.1 Orientations and singularity atlas
Fix a k ∈ N. Let (M,ω, F ) ∈ ISkff, B = F (M), and F be the singular fiber. ShrinkM to a saturated
neighborhood of F if necessary. Then by Lemma 5.2 Λ(B) and (Λ/Λ(B))|Br can be viewed as
infinite cyclic groups.
Definition 6.1. A pair (α1, α2) is an orientation of (M,ω, F ) if α1 is a generator of Λ(B) and α2
is an generator of (Λ/Λ(B))|Br . We call α1 the J-orientation and α2 the H-orientation. We denote
by Ori(M,ω, F ) the set of orientations of (M,ω, F ).
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Remark 6.1. The use of the letters J and H is inspired by the notations in semitoric systems where
the momentum maps are usually written as (J,H) such that the flow of XJ is 2pi-periodic.
m0
m1
m2
m3
m4
m5
Xd(pr2 ◦E0)
Xd(pr1 ◦E0)
F
m0
m1
m2
m3
m4
m5
Xd(pr2 ◦E0)
F/S1
0
12
3
4 5
Γk
Figure 2: Reduction of the singular fiber. The quotient space F/S1, is a circle with k marked
points. Compare F/S1 with Γk, which is the cycle graph with vertex set Zk and set of edges
{(j, j + 1) | j ∈ Zk}. The automorphism group Dk of Γk is isomorphic to the group generated by
γY and θp (see (6.3) and (6.4)). That is not a coincidence.
The set Ori(M,ω, F ) contains 4 different orientations. Recall from Section 4.1 that near any
focus-focus singularity mj ∈M there is an Eliasson local chart.
Definition 6.2. Let (α1, α2) ∈ Ori(M,ω, F ) and let (mj)j∈Zk = Crit(F). An Eliasson local
chart (ψj , Ej) near mj ∈M is compatible with the orientation (α1, α2) if E∗j dc1 = α1 and E∗j dc2
at non-origin points are linear combinations of α1, α2 with positive α2-coefficients. A collection
((ψj , Ej))j∈Zk where (ψj , Ej) is an Eliasson local chart at mj , j ∈ Zk, is called a singularity atlas of
(M,ω, F ).
A singularity atlas is compatible with the orientation (α1, α2) if for every j ∈ Zk, (ψj , Ej) is
compatible with (α1, α2), and for any flow line of Xα1 in F , whenever the α-limit point is labeled
mj , j ∈ Zk, its ω-limit point is labeled mj+1.
Lemma 6.1. Given (α1, α2) ∈ Ori(M,ω, F ) and m0 ∈ Crit(F), there is a unique way to label
Crit(F) = (mj)j∈Zk such that (M,ω, F ) has a singularity atlas ((ψj , Ej))j∈Zk compatible with
(α1, α2).
Proof. By possibly composing with one of the pairs of maps in (4.7), we obtain a chart (ψj , Ej)
near any mj compatible with (α1, α2). By Theorem 5.1, the trajectories of Xd(pr2 ◦E0) in F away
from Crit(F) have limits at different critical points (except when k = 1). On two spheres in F
intersecting at a critical point, the trajectories go to opposite directions relative to that point. Hence
we can sort (mj)j∈Zk one by one such that ((ψj , Ej))j∈Zk is compatible with (α1, α2).
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6.2 Construction of the invariants
Let (M,ω, F ) ∈ ISkff and (α1, α2) ∈ Ori(M,ω, F ). Let F be the singular fiber. Let (mj)j∈Zk =
Crit(F) and let ((ψj , Ej))j∈Zk be a singularity atlas compatible with the orientation (α1, α2).
To zoom out from local to semiglobal, we will extend the germ of isomorphisms ψj : (M,ω,mj)→
(R4, ω0, 0). For j ∈ Zk, letMj be the minimal invariant subset ofM by Ψ containing a neighborhood
of mj , where ψj is defined, see Figure 3. Let Mj,j+1 = Mj ∩Mj+1; then Mj,j+1 is a neighborhood
of the orbit of Ψ in F where Xd(pr2 ◦Ej) flows from mj to mj+1.
m0
m1
m2
m3
m4
m5
F
M
M0
Figure 3: The set M0 consists of the shaded region in F and entire nearby regular fibers.
Lemma 6.2. For any j ∈ Zk, the germ ψj : (M,ω,mj)→ (R4, ω0, 0) can be uniquely extended to a
germ of isomorphisms ψ˜j : (Mj , ω,F ∩Mj)→ (R4, ω0,F0).
Proof. We can not directly apply Lemma 2.3 to (Mj , ω,F ∩Mj) which is not a germ of a fiber-
transitive integrable system. However, by Lemma 2.3 we can extend ψj to (Mj,j+1, ω,F ∩Mj,j+1)
and (Mj−1,j , ω,F ∩Mj−1,j) respectively which must coincide in there intersection (Mr, ω,F ∩Mr),
by Lemma 2.3 again.
We construct the first set of the invariants: we split the period form α1 into the singular part
“across singularities” and the regular part. The regular part is an invariant.
Lemma 6.3. The closed form
σ = −
∑
j∈Zk
E∗j κ ∈ (Z1/2piΛ)(Br) (6.1)
is smoothable.
Proof. For j ∈ Zk, recall the germ of isomorphisms ψ˜j : (Mj , ω,F∩Mj)→ (R4, ω0,F0) in Lemma 6.2.
Let Pj , Qj : B → M be Lagrangian sections of F such that Pj(c) = ψ˜−1j (1, c), Qj(c) = ψ˜−1j (c, 1),
for j ∈ Zk. Since ϕj is a symplectomorphism, by Lemma 2.2 and the definition of κ in (4.2), the
translation form τPjQj = E∗j κ ∈ (Z1/2piΛ)(Br).
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For Qj and Pj+1, note that their images lie in the domain of ψ˜j . Thus ψ˜j ◦Qj and ψ˜j ◦ Pj+1
are two smooth sections of q in R4ns and let τ ∈ (Ω1/2piΛ(R
4,ω0,q))(R2) be the translation form
between them. By explicitly calculating τ using (4.1) we find it is smoothable, so τQjPj+1 = G∗τ ∈
(Ω1/2piΛ(M,ω,F ))(Br) is smoothable, too.
Noting that α2 is a section in Λ(B) and κ ∈ (Z1/2piΛ)(R2r ), we have
σ = −
∑
j∈Zk
E∗j κ = 2piα2 −
∑
j∈Zk
τPjQj =
∑
j∈Zk
τQjPj+1 ∈ (Z1/2piΛ)(Br)
is smoothable (see Definition 2.5) and closed.
Since σ defined in (6.1) is closed, there is a smooth S : (B, 0) → R such that S(0) = 0 and
dS = σ for each representative of σ in Ω1(B). For different choices of representatives of σ, S differ
by integer multiples of 2piA1, where A1 is the action integral with dA1 = α1 and A1(0) = 0. Let
A1 = Taylor0[A1] ∈ R[[T ∗0B]]0. Let X = dc1, Y = dc2 be the variables of the formal power series.
Definition 6.3. We call σ ∈ (Ω1/2piΛ)(Br) the desingularized period form. We call the coset
S + 2piA1Z the desingularized action integral. Let S = Taylor0[S] + 2piA1Z ∈ R[[T ∗0B]]0/(2piA1)Z.
Let R be the space of formal power series in two variables X,Y , with no constant term, and
let R2piX = R/(2piX)Z. For any mj , j ∈ Zk, let sj(X,Y ) def= (E−1j )∗S. We call sj ∈ R2piX the action
Taylor series at mj .
We construct the second set of the invariants: these invariants are Taylor series reflecting the
difference between the Eliasson local charts at different singularities.
Definition 6.4. Let R+ = {g : R2 → R ∣∣ ∂g/∂c2 > 0} be a group with the product (g1 ·g2)(c1, c2) =
g1(c1, g2(c1, c2)) for any g1, g2 ∈ R+. Let gj,` = pr2 ◦E` ◦ E−1j ∈ R+. Then we have (E` ◦
E−1j )(c1, c2) = (c1, gj,`(c1, c2)). We call (gj,`)j,`∈Zk the set of momentum transitions.
Let R+ =
{
g(X,Y ) = gXX + gY Y +O((X,Y )2) ∈ R
∣∣∣ gX ∈ R, gY > 0} be a group with the
product (g1 · g2)(X,Y ) = g1(X, g2(X,Y )) for any g1, g2 ∈ R+. Let gj,` = Taylor0[gj,`] ∈ R+. They
satisfy the cocycle condition gj,` · g`,p = gj,p. We call gj,` the transition Taylor series from mj to
m`. We call (gj,`)j,`∈Zk the transition cocycle.
6.3 Moduli spaces and main theorem
Definition 6.5. LetMkff be the collection of integrable systems in ISkff modulo germs of isomor-
phisms at the singular fiber. LetMkff,o,b be the collection of basepointed oriented integrable systems
(M,ω, F, (α1, α2),m0) for (M,ω, F ) ∈ ISkff with orientation (α1, α2) ∈ Ori(M,ω, F ) and basepoint
m0 ∈ Crit(F) modulo germs of isomorphisms at F preserving the orientation and the basepoint. Let
(M ′, ω′,F ′, (α′1, α′2),m′0) be another basepointed oriented integrable system. A germ of isomorphisms
ϕ : (M,ω,F)→ (M ′, ω′,F ′) is said to preserve the orientation and the basepoint if ϕ(m0) = m′0 and
(G∗α′1, G∗α′2) = (α1, α2).
Let (M,ω, F, (α1, α2),m0) be a basepointed oriented integrable system with (M,ω, F ) ∈ ISkff.
Let (mj)j∈Zk = Crit(F) and suppose ((ψj , Ej))j∈Zk is a singularity atlas compatible with (α1, α2).
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Let (sj)j∈Zk be the k-tuple of action Taylor series and let (gj,`)j,`∈Zk be the transition cocycle. These
series are constrained by the following relations:
sj = s` · gj,` for j, ` ∈ Zk;
gj,j(X,Y ) = Y for j ∈ Zk;
gj,` · g`,p = gj,p for j, `, p ∈ Zk.
 (6.2)
Theorem 6.4. There is a bijection
Φ: Mkff,o,b → Ikff,o,b def=
{
((sj)j∈Zk , (gj,`)j,`∈Zk) ∈ Rk2piX × Rk
2
+
∣∣∣ (6.2)}
[(M,ω, F, (α1, α2),m0)] 7→
(
s0, . . . , s−1, g0,0, . . . , g0,−1, . . . , g−1,0, . . . , g−1,−1
)
.
Remark 6.2. When F is single pinched, we recover the Taylor series invariant (S)∞ from [20] by
the following relation:
s0(X,Y ) = (S)∞(Y,X) +
pi
2X.
The addition of pi2X is due to a change in convention. In this paper it is the first component of the
momentum map which has periodic Hamiltonian vector fields, while in [20] it is the second one.
We prove Theorem 6.4 in the remaining subsections.
6.4 Φ is well-defined
In this subsection, we are going to show that, the output of Φ does not depend on the choice of the
singularity atlas, and we also want to know how the Taylor series will change if the orientation and
the base point change.
Define bijections γX and γY of Ikff,o,b by
γX(. . . , sj , . . . , gj,`, . . . ) =
(
. . . , s′j , . . . , g′j,`, . . .
)
,
s′j(X,Y ) = sj(−X,Y ) + kpiX,
g′j,`(X,Y ) = gj,`(−X,Y );
and
γY (. . . , sj , . . . , gj,`, . . . ) =
(
. . . , s′′j , . . . , g′′j,`, . . .
)
,
s′′j (X,Y ) = −s−j(X,−Y ),
g′′j,`(X,Y ) = −g−j,−`(X,−Y ).
(6.3)
Define a bijection θp of Ikff,o,b, p ∈ Zk, by
θp(. . . , sj , . . . , gj,`, . . . ) = (. . . , sj+p, . . . , gj+p,`+p, . . . ). (6.4)
Lemma 6.5. The map Φ: Mkff,o,b → Ikff,o,b is well defined and satisfies the relations:
Φ
(
[(M,ω, F, (−α1, α2),m0)]
)
= γX
(
Φ
(
[(M,ω, F, (α1, α2),m0)]
))
,
Φ
(
[(M,ω, F, (α1,−α2),m0)]
)
= γY
(
Φ
(
[(M,ω, F, (α1, α2),m0)]
))
,
Φ
(
[(M,ω, F, (α1, α2),mp)]
)
= θp
(
Φ
(
[(M,ω, F, (α1, α2),m0)]
))
, for p ∈ Zk.
(6.5)
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Proof. Let [(M,ω, F, (α1, α2),m0)] ∈Mkff,o,b and let ((ψj , Ej))j∈Zk be a singularity atlas compatible
with (α1, α2). Let ((ψ′j , E′j))j∈Zk be another singularity atlas and let m′0 be another basepoint. We
may need to reorder Crit(F) to (m′j)j∈Zk by Lemma 6.1 so that (ψ′j , E′j) is a chart near m′j for
j ∈ Zk and ((ψ′j , E′j))j∈Zk is compatible with some orientation (α′1, α′2) ∈ Ori(M,ω, F ).
Let
(. . . , sj , . . . , gj,`, . . . ) = Φ
(
[(M,ω, F, (α1, α2),m0)]
)
,(
. . . , s′j , . . . , g′j,`, . . .
)
= Φ
(
[(M,ω, F, (α′1, α′2),m′0)]
)
.
Let σ, σ′ be the desingularized period forms, and (gj,`)j,`∈Zk , (g′j,`)j,`∈Zk respectively be the set of
momentum transitions of ((ψj , Ej))j∈Zk , ((ψ′j , E′j))j∈Zk .
Case 1: If (α′1, α′2) = (α1, α2) and m′0 = m0, then m
′
j = mj (since the direction of Xd(pr2 ◦E0) is
preserved). Let Gj = E′j ◦ E−1j ; then Gj is a germ of diffeomorphisms of (R2, 0), d(pr1 ◦Gj) = dc1,
and ∂(pr2 ◦Gj)∂c2 > 0. By Lemma 4.10, G(c1, c2) = (c1, c2 + O(c∞)). By Lemma 4.5, we have
(G−1j )∗κ = κ+O(c∞) dc1 +O(c∞) dc2. Then
σ′ − σ =
2piα′2 − ∑
j∈Zk
(E′j)∗κ
−
2piα2 − ∑
j∈Zk
E∗j κ

=
∑
j∈Zk
E∗j
(
κ−G∗jκ
)
= O(c∞) dc1 +O(c∞) dc2
and
g′j,` = Taylor0[pr2 ◦G` ◦Gj,` ◦G−1j ] = Taylor0[pr2 ◦G` ◦G−1j ] = gj,`.
Hence we have S′ = S, s′j = sj . Therefore, the map Φ is well defined.
Case 2: If (α′1, α′2) = (−α1, α2) and m′0 = m0, then m′j = mj . We have G∗Xκ = κ+ pi dc1 (recall
GX defined in (4.7)). Since ((ψ′j , GX ◦Ej))j∈Zk is compatible with (α′1, α′2), by Case 1, it is sufficient
to assume that E′j = GX ◦ Ej . Then
σ′ = 2piα′2 −
∑
j∈Zk
(E′j)∗κ = 2piα2 −
∑
j∈Zk
E∗j (κ+ pi dc1)
= σ − pi
∑
j∈Zk
E∗j dc1 = σ − kpi dc1,
and g′j,`(c) = pr2 ◦GX ◦Gj,` ◦G−1X (c) = gj,`(−c). In this case,
S′ = S− kpi[c1],
s′j(X,Y ) = sj(−X,Y ) + kpiX,
g′j,`(X,Y ) = gj,`(−X,Y ).
Case 3: If (α′1, α′2) = (α1,−α2) and m′0 = m0, then m′j = m−j (since the direction of Xd(pr2 ◦E0)
is reversed). We have G∗Y κ = −κ (recall GY defined in (4.7)). By Case 1, it is sufficient to
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assume that E′j = GY ◦ E−j . Then σ′ = 2piα′2 −
∑
j∈Zk(E
′
j)∗κ = −2piα2 +
∑
j∈Zk E
∗−jκ = −σ, and
g′j,`(c) = pr2 ◦GY ◦G−j,−` ◦G−1Y (c) = −g−j,−`(c). In this case,
S′ = −S,
s′j(X,Y ) = −s−j(X,−Y ),
g′j,`(X,Y ) = −g−j,−`(X,−Y ).
Case 4: If (α′1, α′2) = (α1, α2) and m′0 = mp, p ∈ Zk, then m′j = mj+p. By Case 1, it is sufficient
to assume that E′j = Ej+p. Then σ′ = σ and g′j,` = gj+p,`+p. Hence S′ = S, s′j = sj+p, g′j,` =
gj+p,`+p.
The bijections γX , γY , and θp are subject to the relations
γ2X = γ2Y = θpp = (γY ◦ θp)2 = id .
So they generate a (Z2 ×Dk)-action on Ikff,o,b; γX generates Z2, γY and θp generate Dk.
Corollary 6.6 (Corollary of the second part of Lemma 6.5 (Φ satisfies (6.5))). There is a bijection
Φ˜ : Mkff → Ikff def= Ikff,o,b/(Z2 ×Dk)
[(M,ω, F )] 7→ [Φ([(M,ω, F, (α1, α2),m0)])]
where (α1, α2) ∈ Ori(M,ω, F ), m0 is a singularity of F , and the (Z2 ×Dk)-action is generated by
γX , γY , and θp.
Remark 6.3. As pointed out in [19] the Taylor series invariant in the case that the singular fiber
contains exactly one critical point of focus-focus is defined up to a (Z2 × Z2)-action, which accounts
for the choices of Eliasson local charts in its construction. It becomes unique in the presence of a
global S1-action (i.e., semitoric systems) provided one assumes everywhere that the Eliasson local
charts preserve the S1-action and the R2-orientation. In Corollary 6.6, we have the (Z2×Dk)-action
instead. When k = 1, (Z2 ×Dk) ' (Z2 × Z2).
6.5 Φ is injective
Lemma 6.7. The map Φ: Mkff,o,b → Ikff,o,b is injective.
Let [(M,ω, F, (α1, α2),m0)], [(M ′, ω′, F ′, (α′1, α′2),m′0)] ∈Mkff,o,b such that
Φ
(
[(M,ω, F, (α1, α2),m0)]
)
= Φ
(
(M ′, ω′, F ′, (α′1, α′2),m′0)]
)
.
Let B = F (M), B′ = F ′(M ′). Let F = F−1(0) and F ′ = (F ′)−1(0) be the singular fibers. Let
(mj)j∈Zk = Crit(F) and (m′j)j∈Zk = Crit(F ′). We want to show the two basepointed oriented systems
are semiglobally isomorphic, that is, there is a germ of isomorphisms ϕ : (M,ω,F)→ (M ′, ω′,F ′)
and a germ of diffeomorphisms G : (B, 0)→ (B′, 0) such that F ′◦ϕ = G◦F , (G∗α′1, G∗α′2) = (α1, α2)
and ϕ(mj) = m′j .
Let ((ψj , Ej))j∈Zk be a singularity atlas of (M,ω, F ) compatible with (α1, α2), and let ((ψ′j , E′j))j∈Zk
be a singularity atlas of (M ′, ω′, F ′) compatible with (α′1, α′2).
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Lemma 6.8 (Vu˜ Ngo.c [20, Lemma 5.1]). Suppose α′2 − α2 ∈ O(c∞) dc2. Then there is a germ of
diffeomorphisms E : (B, 0)→ (B′, 0) isotopic to the identity such that (E∗α′1, E∗α′2) = (α1, α2) and
E(c1, c2) = (c1, c2 +O(c∞)).
Proof. Let ρ = α′2−α2 ∈ O(c∞) dc2. Throughout the proof t is a variable in [0, 1]. Let α2,t = α2 +tρ,
and let R ∈ O(c∞) be such that dR = ρ. Define ft : Cr → R as
ft =
−R
〈α2,t, ∂∂c2 〉
= −R
〈σ + tρ, ∂∂c2 〉 − (2pi)−1
∑
j∈Zk ln|Ej |
∂(pr2 ◦Ej)
∂c2
.
We denote by ht : Cr → R the denominator of the defining fraction of ft. Note that ∂(pr2 ◦Ej)∂c2 (0) > 0
for any j ∈ Zk. Then ht(c)→∞ as c→ 0. Note that for any multi-index j the partial derivative
∂jht is a polynomial of |Ej |−1 and ln|Ej |, j ∈ Zk with coefficients as smooth functions, divided by
the |j|-th power of ht. Thus 1/ht satisfies (4.4). Since R is flat, by Lemma 4.4, ft has an extension
f˜t ∈ O(c∞).
Take E = E1 as Et be the flow of Yt = ft ∂∂c1 ∈ X(B, 0). Then
d
dt(E
∗
t α2,t) = E∗t (d〈α2,t, Yt〉+ ρ) = E∗t (d(f˜t〈α2,t, ∂∂c2 〉) + ρ).
Hence E∗t α2,t = α2. By the construction E∗α′1 = α1 and E(c1, c2) = (c1, c2 +O(c∞)).
Proof of Lemma 6.7. Initialization: Let E be the germ of diffeomorphisms in Lemma 6.8. Since
E∗α′1 = α1, E∗α′2 = α2,
(M ′, ω′, E−1 ◦ F ′, (α1, α2),m′0) is a basepointed oriented integrable system semiglobally isomor-
phic to (M ′, ω′, F ′, (α′1, α′2),m′0) via (idM ′ , E), and ((ψ
′
j , E
′
j ◦ E,m′j))j∈Zk is a singularity atlas of
(M ′, ω′, E−1 ◦ F ′) compatible with (α1, α2).
Define germs of diffeomorphisms Ej,` = E−1` ◦Ej : (B, 0)→ (B, 0) and germs of symplectomor-
phisms ψj,` = ψ−1` ◦ ψj : (M,ω,mj)→ (M,ω,m`). Let
G = (E′0)
−1 ◦ E0 : (B, 0)→ (B′, 0),
E′′j = Ej ◦G−1 : (B′, 0)→ (R2, 0),
G′′j = E′′j ◦ E−1 ◦ (E′j)−1 : (R2, 0)→ (R2, 0)
and define germs of symplectomorphisms
ϕ˜G′′j : (R
4, ω0, 0)→ (R4, ω0, 0)
be as in Lemma 4.9 for j ∈ Zk. Since Taylor0[E] = (X,Y ) and the two integrable systems share the
same transition cocycle,
Taylor0[G′′j ] = Taylor0[Ej ◦ E−10 ] ◦ Taylor0[E
′
j ◦ (E′0)−1]−1 = (X,Y ).
We have G′′j (c1, c2) = (c1, c2 +O(c∞)). Let E′′j = Ej ◦ E−10 ◦ E′0 for j ∈ Zk. Then E′′` ◦ (E′′j )−1 =
E` ◦ E−1j for j, ` ∈ Zk. By Lemma 4.10, (ϕ˜G′′j ◦ ψ′j , E′′j ) is an Eliasson local chart at m′j for j ∈ Zk,
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compatible with (α1, α2). Hence ((ϕ˜G′′j ◦ ψ′j , E′′j ,m′j))j∈Zk is a singularity atlas of (M ′, ω′, E−1 ◦ F ′)
compatible with (α1, α2).
By replacing (M ′, ω′, F ′, (α′1, α′2),m′0) with (M
′, ω′, E−1 ◦ F ′, (α1, α2),m′0) and
((ψ′j , E′j ,m′j))j∈Zk with ((ϕ˜G′′j ◦ ψ′j , E′′j ))j∈Zk if necessary, we assume later, without loss of gen-
erality, that (α′1, α′2) = (α1, α2) and E′` ◦ (E′j)−1 = E` ◦ E−1j for j, ` ∈ Zk.
Construction of the germ of isomorphisms: We construct the germ of isomorphisms ϕ by
induction as follows. Define the germ of isomorphisms ϕ0 = (ψ′0)
−1 ◦ψ0 : (M,ω,m0)→ (M ′, ω′,m′0).
Recall the definition of Mj in Section 6.2 and Figure 3; M ′j ⊂ M ′ is defined analogously. By an
analogy of Lemma 6.2, we can extend ϕ0 to ϕ˜0 a germ of isomorphisms of (M0, ω,F ∩M0).
For j ∈ Zk \ {−1}, suppose we have defined the germ of isomorphisms ϕ˜j : (Mj , ω,F ∩Mj)→
(M ′j , ω′,F ′ ∩ M ′j). We want to define ϕ˜j+1 on (Mj+1, ω,F ∩ Mj+1). Let λj+1 be a germ of
isomorphisms determined by the following commutative diagram:
(M,ω,mj+1)
λ
j+1 //
F

(M ′, ω′,m′
j+1)
F ′

(M,ω,mj)
ϕj //
ψ−1
j+1
◦ψj
77
F

(M ′, ω′,m′j)
(ψ′
j+1
)−1◦ψ′j
77
F ′

(B, 0)
G
// (B′, 0)
(B, 0)
G
//
E−1
j+1
◦Ej
77
(B′, 0)
(E′
j+1
)−1◦E′j
66
.
Recall Mj,j+1 = Mj ∩ Mj+1 and let M ′j,j+1 = M ′j ∩ M ′j+1. Then we can extend λj+1 to
λ˜j+1 : (Mj+1, ω,F ∩Mj+1)→ (M ′j+1, ω′,F ′ ∩M ′j+1). Define µj,j+1 such that the diagram
(M ′
j,j+1, ω
′,F ′ ∩M ′
j,j+1)
µ
j,j+1 //
F ′

(M ′
j,j+1, ω
′,F ′ ∩M ′
j,j+1)
F ′

(Mj,j+1, ω,F ∩Mj,j+1)
λ˜
j+1
44
ϕ˜j
jj
F

(B′, 0) (B′, 0)
(B, 0)
G
44
G
jj
commutes.
By an analogy of Lemma 6.2, we can extend µj,j+1 to a germ of isomorphisms µ˜j,j+1 of
(M ′, ω′,F ′). Note that λ˜j+1(mj+1) = m′j+1 and ϕ˜j(x) → m′j+1 as x → mj+1 in M , so we have
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µ˜j,j+1(m′j+1) = m
′
j+1. Now let
ϕ˜j+1 : (Mj+1, ω,F ∩Mj+1)→ (M ′j+1, ω′,F ′ ∩M ′j+1),
ϕ˜j+1 = λ
−1
j+1 ◦ µ˜j,j+1
∣∣∣(M
j+1,F∩Mj+1).
Then ϕ˜j+1 = ϕ˜j in their common domain Mj,j+1.
For ϕ−1 and ϕ0, they coincide on regular values of F near F , so by continuity, they must coincide
on their common domain M−1,0 = M−1 ∩M0. Hence, we can glue ϕ˜j , j ∈ Zk to get a germ of
isomorphisms ϕ : (M,ω,F)→ (M ′, ω′,F ′) with the commuting diagram:
(M,ω,F) ϕ //
F

(M ′, ω′,F ′)
F ′

(B, 0)
G
// (B′, 0)
.
6.6 Φ is surjective
Lemma 6.9. The map Φ: Mkff,o,b → Ikff,o,b is surjective.
Let
(. . . , vj , . . . ,wj,`, . . . ) ∈ Ikff,o,b.
We want to show that there is (M,ω, F, (α1, α2),m0) such that
Φ
(
[(M,ω, F, (α1, α2),m0)]
)
= (. . . , vj , . . . ,wj,`, . . . ). (6.6)
The local structures of the integrable system (M,ω, F ) near the singularities mj are isomorphic
to the local normal form in Section 4.1. The isomorphism can be extended to a flow-complete
neighborhood Mj of mj . We use the symplectic gluing technique similar to [15, Section 3] to
construct (M,ω, F ).
By Borel’s lemma, there is a germ of smooth maps s0 : (R2, 0)→ R and a germ of diffeomorphisms
G0,j : (R2, 0)→ (R2, 0) such that Taylor0[s0] = v0 and Taylor0[G0,j ] = (X,w0,j). Let wY0,j > 0 be the
Y -coefficient of w0,j , and vY0 ∈ R the Y -coefficient of v0. Let U be an open neighborhood of 0 ∈ R2
and G˜0,j : U → R2 for j ∈ Zk an extension of G0,j to a diffeomorphism onto its image (G˜0,0 = id).
For δ > 0 sufficiently small, there is an open neighborhood U0 ⊂ U of 0, such that for j ∈ Zk, if we
let Uj = G˜0,j(U0), then for c ∈ Uj ,
|c| < δ < 1, ∂(pr2 ◦G˜0,j)
∂c2
(c) > wY0,j − δ > 0,
∂s0
∂c2
(c) > vY0 − δ > 0. (6.7)
For j ∈ Zk, let Wj = q−1(Uj), Wj,nu = Wj ∩R4nu, Wj,ns = Wj ∩R4ns, Wj,r = Wj ∩R4r , Uj,r = Uj ∩R2r .
Note that these spaces depend on δ. For j, ` ∈ Zk, let G˜j,` = G˜0,` ◦ G˜−10,j : Uj → U`.
Define, by Lemmas 2.1 and 2.2, symplectomorphisms
ϕj,j+1 = ϕG˜
j,j+1
◦Ψ−κ : Wj,nu →Wj+1,ns
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for j ∈ Zk \ {−1}, and
ϕ−1,0 = Ψ− ds0 ◦ ϕG˜−1,0 ◦Ψ−κ : W−1,nu →W0,ns.
Let G be the groupoid generated by the restrictions of ϕj,j+1 for j ∈ Zk onto open subsets. Recall
Γk is the cycle graph with k vertices. Consider its fundamental groupoid Π(Γk) whose elements
are of the form [j0, j1]p, where j0, j1 ∈ Zk, p ∈ Z and j0 + p = j1, The multiplication is given by
concatenation [j1, j2]p′ · [j0, j1]p = [j0, j2]p+p′ . Any element [j0, j1]p of Π(Γk) corresponds to an
element of G :
ϕ[j,j]0 = id: Wj →Wj , p = 0;
ϕ[j,j+1]1 = ϕj,j+1 : Wj,nu →Wj+1,ns, p = 1;
ϕ[j,j−1]−1 = ϕ
−1
j−1,j : Wj,ns →Wj−1,nu, p = −1;
ϕ[j,j+p]p = ϕj+p−1,j+p ◦ · · · ◦ ϕj+1,j+2 ◦ ϕj,j+1 : Wj,r →Wj+p,r, p > 2;
ϕ[j,j+p]p = ϕ
−1
j+p,j+p+1 ◦ · · · ◦ ϕ
−1
j−2,j−1 ◦ ϕ
−1
j−1,j : Wj,r →Wj+p,r, p 6 −2.
Actually, G consists of restrictions of ϕ[j0,j1]p for all [j0, j1]p ∈ Π(Γk) restricted to open subsets, and
G is a groupoid of symplectomorphisms.
Let kW = ∐j∈ZkWj and kWr = ∐j∈ZkWj,r. Let kD = ∐j∈Zk Dj ⊂ kW where
D0 =
{
(z, ζ) ∈W0
∣∣∣∣∣ |z| 6 1, |ζ| 6 e
∂s0
∂c2
(q(z,ζ))
}
,
Dj = {(z, ζ) ∈Wj | |z| 6 1, |ζ| 6 1}, for j ∈ Zk \
{
0
}
.
Lemma 6.10. Define a smooth function
ρ : kWr → R,
Wj,r 3 (z, ζ) 7→
∂(pr2 ◦G0,j)
∂c2
(Gj,0 ◦ q(z, ζ)) ln|z|.
Then for any x ∈Wj ⊂ kW there is a p ∈ Z such that ρ ◦ ϕ[j,j+p]p is defined and maps into Dj+p,
and there is a smooth function L : U0,r → R such that ρ ◦ ϕ[0,0]k(z, ζ)− ρ(z, ζ) = L ◦ q(z, ζ) for any
(z, ζ) ∈W0,r, and limc→0 L(c) =∞.
Proof. Let Lj : U0,r → R, where
L0(c) = − ln|c|+
∂s0
∂c2
(c),
Lj(c) = −
∂(pr2 ◦G0,j)
∂c2
(c) ln
∣∣∣G0,j(c)∣∣∣, for j ∈ Zk \ {0}.
Thus by (6.7),
L0(c) > (1− δ)|ln δ|+ (vY0 − δ),
Lj(c) > (wY0,j − δ)|ln δ|, for j ∈ Zk \
{
0
}
.
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Hence limc→0 Lj(c) =∞ for j ∈ Zk.
For (z, ζ) ∈W0,r, let c = q(z, ζ). Then we have, for any p ∈ Z,
ρ ◦ ϕ[0,p]p(z, ζ) =
{
ρ(z, ζ) +∑ps=1 Ls(c), p > 0,
ρ(z, ζ)−∑0s=p+1 Ls(c), p < 0.
If ρ(z, ζ) 6 0, there is a p ∈ Z, p > 1 such that
−
p∑
s=1
Ls(c) 6 ρ(z, ζ) 6 −
p−1∑
s=1
Ls(c)
so −Lp(c) 6 ρ ◦ ϕ[0,p]p(z, ζ) 6 0 and ϕ[0,p]p(z, ζ) ∈ Dp. Similarly, if otherwise ρ(z, ζ) > 0, there is a
p ∈ Z, p 6 0 such that ϕ[0,p]p(z, ζ) ∈ Dp. If ζ = 0 and |z| 6 1, or z = 0 and |ζ| 6 1, we already have
(z, ζ) ∈ D0. If ζ = 0 and |z| > 1, then ϕ[0,−1]−1(z, ζ) = (0, ζ ′) ∈ D−1 since 0 < |ζ ′| < 1. If z = 0
and |ζ| > 1, then ϕ[0,1]1(z, ζ) = (z′, 0) ∈ D1 since 0 < |z′| < 1. Analogously, for any x ∈Wj ⊂ kW ,
j ∈ Zk, there is a p ∈ Z such that the image of ρ ◦ ϕ[j,j+p]p is in Dj+p.
Now, let L = −∑j∈Zk Lj : U0,r → R. Then ρ◦ϕ[0,0]k = ρ+L◦q on U0,r and limc→0 L(c) =∞.
We define an equivalence equation ∼G on kW as x ∼G y if and only if there is a ϕ ∈ G such
that y = ϕ(x). Let M = kW/ ∼G be the quotient space, λ : kW →M , λj : Wj →M , j ∈ Zk be the
quotient maps. Let ∆G = {(x, y) ∈ kW × kW | x ∼G y}.
Lemma 6.11. The topological space M can be uniquely realized as a symplectic manifold with the
symplectic structure ω, and a smooth function F : M → R2 such that such that λj : (Wj , ω0, x)→
(M,ω, λj(x)) is a germ of isomorphisms for any x ∈Wj and G˜0,j ◦ F ◦ λj = q|Wj for j ∈ Zk.
Proof. We want to prove that M is a topological manifold with the quotient topology.
The map λj is open: for any open set V ⊂Wj , the preimage
λ−1j (λj(V )) = V ∪ ϕ[j,j+1]1(V ∩Wj,nu)
∪ ϕ[j,j−1]−1(V ∩Wj,ns) ∪
⋃
p∈Z,|p|>2
ϕ[j,j+p]p(V ∩Wj,r)
is open, so λj is an open map.
The map λj is locally injective: we need to prove that, any x ∈Wj has a neighborhood V in Wj
such that for any p ∈ Z \ {0}, as long as x is in the domain, the map ϕ[j,j]pk sends x outside of V .
If k > 2, then x ∈Wj,r. This is a consequence of Lemma 6.10. If k = 1 and x ∈W0,s \ {0}, we have
ϕ[0,0]1(x) ∈W0,u away from x. The case k = 1 and x ∈W0,u \ {0} is analogous.
The subset ∆G is closed in kW × kW : suppose there are points (xi, yi) ∈ ∆G converging
to (x∞, y∞) ∈ kW × kW . Assume, without loss of generality, that (x∞, y∞) ∈ W0 × Wj for
some fixed j ∈ Zk. Since W0,Wj are open in kW , we can assume (xi, yi) ∈ W0 ×Wj . There is
[0, pi]pi ∈ Π(Γk) such that yi = ϕ[0,pi]pi (xi). If there is a subsequence {pim} of pi with pim = p0 ∈ Z,
then yim = ϕ[0,p0]p0 (xim). In this case, y∞ = ϕ[0,p0]p0 (x∞), so (x∞, y∞) ∈ ∆G . Otherwise, by
descending to a subsequence we can assume |pi| → ∞, so for i large, xi ∈ W0,r, yi ∈ Wj,r. By
Lemma 6.10, we have |ρ(xi)− ρ(yi)| → ∞, which contradicts (xi, yi)→ (x∞, y∞).
Since λj , j ∈ Zk are open and locally injective, λj , j ∈ Zk are local homeomorphisms, and M is
locally Euclidean. Since λj , j ∈ Zk are open and ∆G ⊂ kW × kW is closed, M is Hausdorff. Since
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Wj , j ∈ Zk are second countable, M =
⋃
j∈Zk λj(Wj) is second countable. We conclude that M is a
topological manifold.
Noting that the maps ϕj,`, j, ` ∈ Zk are symplectomorphisms satisfying q ◦ ϕj,` = G˜j,` ◦ q, there
is a unique symplectic structure ω on M , and a smooth function F : M → R2 such that λ∗jω = ω0
and G˜0,j ◦ F ◦ λj = q|Wj .
Proof of Lemma 6.9. Let mj = λj(0) and µj = λj |−1(M,mj) : (M,ω,mj) → (Wj , ω0, 0) be a germ of
isomorphisms for j ∈ Zk. Finally, we need to show that, the construction (M,ω, F ) in Lemma 6.11
lies inside ISkff, has a singularity atlas ((µj , G˜0,j))j∈Zk for singularities mj , j ∈ Zk, compatible with
some (α1, α2) ∈ Ori(M,ω, F ) such that (6.6) holds.
The triple (M,ω, F ) is in ISkff: The triple (M,ω, F ) is an integrable system since it is locally
isomorphic to integrable systems everywhere, and the only singular points of F are mj on F ,
j ∈ Zk, which are of focus-focus type. To show that F is proper, let K ⊂ U0 be any compact
subset. By Lemma 6.10, λ(kW ) = λ(kD). Since q−1(G˜0,j(K)) ∩ Dj is compact, F−1(K) =⋃
j∈Zk λj(q
−1(G˜0,j(K))∩Dj) is compact. The fibers of F are connected since q has connected fibers.
Computation of Λ(M,ω,F ): Let U ⊂ U0,r be a simply connected open set. Note that κ|U ∈
(Ω1/2piΛ)(R2r ) and let κU ∈ Ω1(U) be a representative of κ|U . Let α2|U = ds0 −
∑
j∈Zk G˜
∗
0,jκU ∈
Z1(U). We have, in F−1(U),
ϕ[0,0]k
∣∣∣F−1(U) = Ψ− ds0 ◦ ϕG˜−1,0 ◦Ψ−κU ◦ · · · ◦Ψ−κU ◦ ϕG˜1,2 ◦Ψ−κU ◦ ϕG˜0,1 ◦Ψ−κU
= Ψ− ds0−
∑
j∈Zk
G˜∗
0,j
κU
◦ ϕ
G˜−1,0
◦ · · · ◦ ϕ
G˜1,2
◦ ϕ
G˜0,1
= Ψ−2piα2|U .
So α2|U ∈ Λ(M,ω,F )(U). Let α1 = dc1 ∈ Ω1(U0), then α1|U ∈ Λ(M,ω,F )(U). On the other hand, for
any τ ∈ Z1(U) to be a period form, it has to satisfy Ψ2piτ = ϕ[0,0]pk for some p ∈ Z. Therefore,
Λ(M,ω,F )(U) is the abelian group generated by α1|U , α2|U . Similarly, we have Λ(M,ω,F )(U) = α1Z if
U is an open neighborhood of 0.
Computation of the invariants: For each j ∈ Zk, (µj , G˜0,j) is an Eliasson local chart near mj
since q ◦ µj = G˜0,j ◦ F . For j = 0, note that α1 = dc1 and ∂∂c2 ⌟ α2 = L, so (µ0, id) is compatible
with (α1, α2). For j ∈ Zk, since dG˜0,j has positive diagonal entries near the origin, (µj , G˜0,j) is
compatible with (α1, α2). By the construction of M , any flow line of Xα2 with α-limit mj for some
j ∈ Zk has ω-limit mj+1, so ((µj , G˜0,j))j∈Zk is a singularity atlas compatible with (α1, α2).
Now since ds0 = 2piα2 −
∑
j∈Zk G˜
∗
0,jκ and s0(0) = 0, the action Taylor series s0 at m0 is,
s0 = Taylor0[s0] = v0. The transition cocycle (gj,`)j,`∈Zk is such that gj,` = Taylor0[pr2 ◦Gj,`] = wj,`
for j, ` ∈ Zk.
Theorem 6.4 follows by putting together the first part of Lemma 6.5 (Φ is well-defined),
Lemma 6.7, and Lemma 6.9.
Proof of Theorem 1.1. The map
Φ: Ikff,o,b → R2piX × Rk−1+(
s0, . . . , s−1, g0,0, . . . , g0,−1, . . . , g−1,0, . . . , g−1,−1
)
7→
(
s0, g0,1, g1,2, . . . , g−1,0
)
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is a bijection.
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